OATAO is an open access repository that collects the work of Toulouse researchers and makes it freely available over the web where possible. Abstract LES is used to study self-excited transverse modes in an atmospheric, square combustor (p = 1 bar). Simulations over a range of different mass flow rates show that transverse modes are present for all cases and exhibit varying RMS pressure amplitudes up to 0.4 bar. Analysis of LES results shows that transverse modes are due to a lock-in mechanism between an hydrodynamic unstable mode typical of swirling flows (the PVC mode or Processing Vortex Core) and the cavity modes. A control method using damping compliant walls (named DCWs) is applied to control the acoustic mode in the LES and to characterize the PVC in the absence of acoustic forcing. This method shows that the highest pressure oscillations appear when the PVC frequency is close to the frequency of the first transverse acoustic mode. A 3D Helmholtz solver is then used to predict the stability limits obtained by 3D LES. To capture transverse modes, a new flame transfer function (FTF) formulation is derived where local heat release perturbations are controlled by the orthoradial acoustic velocity fluctuations. The FTF is measured in the LES and when it is included in the Helmholtz solver, it allows to recover the stability zones observed in the LES.
Introduction
Combustion instabilities are well-known phenomena, occurring in many combustion chambers where they represent both a considerable risk [1, 2] and an unsolved scientific problem. The combustion community has developed an intense activity to study longitudinal modes in combustion chambers [3] [4] [5] [6] [7] and more recently azimuthal modes in annular configurations [8] [9] [10] [11] [12] . O'Connor et al. [13] review the role of azimuthal modes in a single sector of annular combustors where the effect of an azimuthal mode can be mimicked by transverse modes. One class of instability, however, has received less attention (except in the rocket community): transverse modes where flames are coupled to acoustic modes propagating between the lateral walls of a combustor. These modes can appear in all types of combustion systems. In gas turbines, the most well known example of transverse modes is screech [14, 15] which can lead to a rapid destruction of engines in afterburners. But there are other examples [16] where these modes (which have higher frequencies than longitudinal oscillations) have been identified in the main chamber of gas turbines and where the physics of this instability remains mysterious. Transverse acoustic waves interacting with flames have been studied experimentally and numerically since 2009 [17] [18] [19] [20] in forced configurations. The objective of the present work is to study self-excited transverse modes in a square laboratory combustion chamber using LES and an acoustic solver.
The combustor studied here is a swirled system operated at Onera [21] where a strong PVC (Precessing Vortex Core) develops. The interaction of the PVC and combustion instabilities has been the topic of many recent publications [22] [23] [24] [25] [26] [27] [28] [29] . LES allows to capture the coupling between PVC and acoustics but also to study the PVC and acoustics separately by controlling the acoustic field. Here, a control system located on the combustor lateral walls is used to damp the transverse acoustic mode and to characterize the PVC alone for different mass flow rates: this is done using lateral compliant walls (called DCWs for Damping Compliant Walls). These flexible walls have a non-zero normal velocity and their impedance can be tuned to act as acoustic dampers. DCWs are a numerical representation of damping control techniques used for longitudinal instabilities [30, 31] which are extended here to control transverse modes.
Even if the DCWs method allows to decouple PVC and thermoacoustics and therefore to use LES to analyze each mechanism separately, no proper theoretical background exists today to predict transverse modes. For longitudinal modes, the most common stability model is the n − τ approach of [32] which links axial velocity perturbations with perturbations of heat release. For transverse modes the extension of Croccos's idea is unclear and there is no obvious reason to link heat release and velocity fluctuations. The present results suggest that an extended FTF formulation linking orthoradial (and not axial as in Crocco's model) velocity components and heat release can indeed be used to predict these modes. This approach is called T-FTF (for transverse flame transfer functions).
The paper is organized as follows: Section 2 presents the configuration which is a square laboratory-scale kerosene/air swirled combustor. Section 3 describes a study of the acoustic modes of the combustor, using a 3D Helmholtz solver [33, 34] . This first step allows to identify all chamber modes which may appear with combustion. The LES solver and the control technique are presented in Section 4. Section 5 describes the LES diagnostics used for transverse modes. In Section 6 the transverse mode limit cycle captured in the LES is studied. A new T-FTF model, adapted to transverse modes is presented in Section 7 and compared to LES data in terms of stability limits. 
Configuration
The target configuration consists of a plenum and a rectangular combustion chamber fed by a multipoint swirler (Fig. 1) . The chamber has a length of 0.31 m and a volume of approximately 0.006 m 3 . Height and width of the constant chamber section are equal (0.12 m). The swirler contains one radial and two axial stages (Figs. 2 and 3 left) . The first axial stage swirls the flow in counter clockwise direction. The second axial stage forces the flow to turn in clockwise direction whereas the radial swirl movement turns again in counter clockwise direction. Kerosene is injected using a combination of pilot injector and multipoint fuel injection system with 24 holes. Details on the operating point are given in Section 4. Note that this configuration was initially mounted by Apeloig et al. [21] for flame transfer function measurements in the low-frequency range issuing longitudinal modes. The high-frequency range was not of interest when the experiments were performed. Numerical simulations were carried out after the experimental campaign was finished and the setup was dismantled so that no experimental evidence is providable in this study. 
Acoustic Modes of the Combustor Rig
Since flame coupling with the acoustic cavity modes is expected, it is interesting to first compute the acoustic modes of the full combustor before starting LES. A Helmholtz solver called AVSP [33] is used for the complete geometry of Fig. 1 . Assuming small perturbations and no active flames, the Helmholtz equation is derived from the linearized Euler equations as:
where the variables p 0 ,p, ω and γ are the mean pressure, pressure amplitude (p ′ =pe j ωt ), pulsation and specific heat ratio, respectively. The outlet pressure is imposed (p ′ = 0) whereas all other walls are zero velocity fluctuation boundaries (u ′ = 0). Even though the unsteady activity of the flame is neglected in Eq. 1 by setting the RHS to zero, the mean effect of combustion is retained and ρ 0 includes the density changes due to combustion (temperature varies from 473 K in the fresh gases to 2090 K in the burnt gases). Here, a two-zone temperature field is used: unburnt in the plenum and burnt in the chamber. The computations were performed with variable values for specific heat ratio and mean pressure p 0 = 1 bar. Table 1 gives the frequencies of the first three longitudinal and the first transverse mode of the chamber obtained by AVSP. Most of the other acoustic modes are plenum modes at frequencies higher than 3000 Hz for which the chamber activity is low. The structure 4 The first three longitudinal chamber modes and the first tangential mode obtained by the Helmholtz solver displayed by normalized pressure fluctuations (p ′ = |p| cos(arg(p))). Mode frequencies are given in Table 1 of the modes (evidenced by the p ′ field) is complex but a few modes are especially interesting: three longitudinal modes are found at 351 Hz, 778 Hz and 1956 Hz (Fig. 4 top) . These modes are not observed in the LES. The first transverse chamber modes (1T-1L) are found at 3150 Hz (Fig. 4 bottom) . The 3150 Hz frequency is degenerate: two modes coexist with the same frequency. Similarly to azimuthal modes in annular chambers [35, 36] , these modes can be described using a basis of two standing modes called 1T-1L-S1 and 1T-1L-S2 displayed in Fig. 4 . Alternatively, another basis of modes can be used, corresponding to turning modes which can be obtained by a combination of 1T-1L-S1 and 1T-1L-S2 to obtain a clockwise turning mode 1T-1L-T1 or counter clockwise turning mode 1T-1L-T2. The structures of pressure fluctuations p ′ for these 4 modes are summarized in Fig. 5 .
Large Eddy Simulation Methodology

Numerical setup
The operating point computed with LES corresponds to a case with preheated air at 473 K (air flow rate ofṁ Air = 100 g/s). Liquid kerosene is injected at a temperature of 293 K through the pilot (ṁ F P = 0.17 g/s) and multi point system (ṁ F MP = 4.86 g/s) containing 24 injection holes. The global equivalence ratio is φ = 0.74. This regime is the only one considered here because it produces a strong transverse mode. Figure 1 shows the middle cut plane of the mesh: the fully unstructured mesh contains 18 005 356 tetrahedral elements and 3 185 744 nodes. Mesh refinements are displayed in Fig. 2 and concern mainly the swirling device. The time step is fixed at t = 6 · 10 −8 s which corresponds to a CFL number of 0.7 [37] . All boundaries are no-slip adiabatic walls except the inlet at the plenum and the outlet at the chamber exit where partially reflecting Navier-Stokes Characteristic Boundary Condition (NSCBC) formulations are used [38] . No turbulence is injected through the inlets since most of the turbulence is generated through the swirling device. LES is carried out using a fully compressible code [39, 40] which solves the reactive multi-species Navier-Stokes equations on unstructured grids [41] . A two-step TaylorGalerkin finite-element scheme [42] provides third-order accuracy in time and space. The sub-grid stress tensor is modeled by the Wale model described by Ducros et al. [43] . Chemical reactions are computed using a reduced two-step scheme for kerosene/air premixed flames [44] : six species are considered: N 2 , O 2 , CO, CO 2 , H 2 O and kerosene. This scheme matches the results of the full scheme of Luche et al. [45] for kerosene/air flames in terms of flame speeds and adiabatic flame temperatures within an extended range of equivalence ratios (0.6 ≤ φ ≤ 2.0), pressures (1.0 ≤ P ≤ 12.0 atm) and fresh gas temperatures (300 ≤ T f ≤ 700 K). Liquid kerosene is injected using the mesoscopic Eulerian formalism [46] [47] [48] [49] [50] , where the spray is considered as a continuous phase. The spray is supposed to be mono-disperse and a Sauter Mean Diameter D 32 = 29 µm is adopted at all injection points. This diameter provides the same volume to surface ratio as the entire spray. Realistic injection profiles are provided by the FIMUR methodology [48, 51, 52] . A hollow cone spray is imposed on the pilot fuel while a gaussian distribution is considered for each multipoint injection hole. To account for interactions between liquid and gas, a twoway coupling model [53] is used. The dynamic thickened flame model is used to describe flame/turbulence interactions [54] [55] [56] with the model of Charlette et al. [57] for the subgrid efficiency.
A convergence study was carried out on two additional meshes (2.6 M and 4.6 M grid points) and results are similar. Tests concerning sub-grid scale modeling [58] and flame wrinkling models [54] were also carried out: results differ only slightly and do not change the present conclusions. 6 From an unstable to a stable system by using DCWs. The system responds after 1 ms. Pressure is recorded at probe P 2 (Fig. 3) 
Damping compliant walls (DCWs)
The next sections will show that LES captures transverse modes in this swirled burner and that they interact with the hydrodynamic modes of the flow and especially, the PVC. To study this interaction, it is interesting to control the acoustic modes by manipulating their reflection on the lateral walls. Here, a control method was used to suppress all transverse modes in the LES by modeling the walls on top and bottom of the combustion chamber ( Fig. 1) as compliant walls which are not perfectly rigid and damp transverse acoustic waves. Numerically, the DCWs are 'soft' NSCBC walls. Their mean velocity is zero but not their fluctuation: a relaxation coefficient κ is applied to the reflection coefficient:
In this work the relaxation coefficient is set to κ = 10000 which yields a cut-off frequency of f cutt = 800 Hz. These partially reflecting boundaries behave like low-pass filters [59] , so that acoustic waves above f cutt propagate out of the domain. The application of the method is presented in Fig. 6 : starting from an unstable regime with a large fluctuation amplitude (from 0.8 bar to 1.3 bar), control with DCWs is switched on at an arbitrary instant t = 1.2 s and pressure oscillations are mitigated after 1 ms. This technique does not require any mesh refinement near the walls where it is applied. The DCWs have been checked on different meshes and do not influence other flow characteristics. The constant y-z section of the chamber (shown in Fig. 3 ) is divided in four equal quarters drawn in Fig. 8 . The extracted quantities are integrated over each 3D quarter and represent their spatial average at the points denoted with Q I to Q I V .
Extraction techniques such as proper orthogonal decomposition (POD) [24, 60, 61] or dynamic mode decomposition (DMD) [62, 63] are widely used to highlight coherent structures. Here, DMD is used based on 120 instantaneous 3D solutions collected every 1.6e − 5 s. The data length corresponds to 6 periods of the mode oscillation frequency f m . All results related here to DMD analysis are given for the most dominant frequencies.
Limit Cycle Analysis
Pressure and heat release signal
For the present condition (ṁ Air = 100 g/s,ṁ F P = 0.17 g/s,ṁ F MP = 4.86 g/s), the LES signals rapidly exhibit a strong transverse acoustic activity. In a first step, the limit cycles obtained in LES are analyzed to identify the unstable modes. Pressure fluctuations (Fig. 9  top) show that the limit cycle is not perfectly harmonic and is modulated by a low frequency (Fig. 10 top) . The amplitude of the fluctuations is very large (p ′ /p ≈ 0.3) corresponding to 180 dB [64] inside the chamber. Figure 9 bottom shows the time evolution of global heat release fluctuations Q ′ g in the chamber and heat release fluctuations q ′ 1 integrated in one quarter chamber Q I . The signal of the chamber quarter reveals heat release oscillations correlated with the transverse 3075 Hz mode while the global heat release is hardly influenced. This observation confirms the transverse nature of the mode: combustion pulsates at the transverse mode frequency when it is integrated over one quarter of the chamber. When averaged over the whole chamber, the transverse mode signature disappears indicating that the unsteady reaction rotates around the chamber while its volume averaged value is constant. The low-frequency modulation fi at about 50Hz is due to the interaction of the PVC and the transverse mode as shown e.g. by Stein-berg et al. [25] and Moeck et al. [22] . Due to non-linearity of the system, this interaction frequency arises and impacts the flame but not in the longitudinal direction. It rather imposes a low-frequency rotating motion of the flame. Further analysis regarding this point were not carried out since the flame is mainly impacted by the transverse mode.
Rayleigh criterion
Even though the mode structure differs from longitudinal modes, its excitation mechanism follows the usual Rayleigh criterion if the analysis is performed on a quarter of the burner (Fig. 8) and not on the global chamber. Figure 11 displays pressure perturbations (p ′ ), temperature fluctuations (T ′ ) and unsteady heat release (q ′ ) integrated in chamber quarter Q I . Positive q ′ values (corresponding to unsteady combustion) are turning at the instability fre- Power spectral density of the heat release fluctuations integrated in quarter Q I . The spectra are built using only the limit cycle time series (0.074 s < t < 0.084 s in Fig. 9.) quency of the mode in phase with the pressure field: the Rayleigh criterion [65, 66] is satisfied.
The spatial Rayleigh distribution can be evaluated through 3D DMD data and is presented in Fig. 12 : the outer flame region displays positive Rayleigh index values showing that pressure and heat release fluctuations are in phase. The near wall regions are the zones feeding energy into the transverse mode. The shear layer between the radial swirl jet and the center recirculation zone exhibits negative index values which indicate damping but this region is small compared to the in-phase zone as seen in the plane A cut.
Mode structure
DMD allows to visualize the mode pressure distribution at 3075 Hz during the limit cycle (Fig. 13) . The mode structure corresponds to a combination of the two degenerate 1T-1L 
where N denotes the number of the evenly spaced probes P 1 to P 4 ( Fig. 3 left) , θ k their angular locations and p ′ k the pressure fluctuations recorded at P 1 , P 2 , P 3 and P 4 . The maximum pressure fluctuation observed during the growth phase p ′ max is used to scale C(t). The phase of the indicator gives information about the mode type: a constant phase indicates a standing mode whereas an increasing (decreasing) phase refers to a clockwise (counter clockwise) rotation with ωt (−ωt) [10, 35] . In Fig. 14 the indicator is applied only during the limit cycle from t = 0.07 s to t = 0.13 s. The phase (Fig. 14 bottom) increases with time like ωt, showing that the mode is mainly turning clockwise. This corresponds to the combined 1T-1L-T2 mode displayed in Fig. 5 . Note that the phase can also remain constant over many cycles (from t = 0.10 s to t = 0.11 s), demonstrating that a standing mode can also take place. This pattern (turning → standing → turning) is repeatable and was observed in all simulations independently of the moment chosen to let the unstable mode grow. This result can be confirmed by a statistical method [10] : pressure and velocity time signals at probe P 2 are used to calculate the A + and A − waves in z-direction. Figure 15 shows the joint probability density function of these quantities: the A − waves dominate meaning that waves are traveling in the clockwise direction. These results were also checked for the other probe positions. The mode typologies found by the indicator and the statistical method confirm the DMD results (Fig. 13 ).
Instantaneous flow and flame dynamics
The 1T-1L-T2 turning mode (Figs. 5 and 13 ) controls the flow field in Fig. 16 : three different instants of the pressure oscillation amplitude are shown: maximal at π/2, zero at π and minimal at 3π/2. High vertical velocities are encountered thus influencing the center recirculation zone (CRZ) displayed by a axial velocity contours. The recirculation zone sways from side to side as observed in experiments where swirling flames have been placed in transverse acoustic fields [19, 67] . This periodic, in-phase motion of the flame (Fig. 12) . This instability driving mechanism was also described theoretically and experimentally in similar experiments [68, 69] .
Heat release isocontours (Fig. 17 left) indicate that the flame is very long and interacts with lateral walls. The preheated air enhances the evaporation process of fuel injected by the pilot and multipoint injection systems but significant evaporation still takes place near the walls (Fig. 17 right) . Therefore, high heat release rates are found at the chamber walls due to fuel accumulation in this region. This seems to be one reason why transverse modes are 18 Liquid equivalence ratio perturbations caused by the presence of the PVC. Data from probe P P V C in Fig 7 excited as suggested by the Rayleigh index (Fig. 12) . The influence of fuel injection placement on transverse pressure oscillations was reported by Marshall et al. [70] who observed high pressure amplitudes when fuel was injected near pressure antinode regions whereas fuel injection near pressure nodes lead to small amplitudes. Figure 13 shows that pressure antinodes are found in the region where most of the fuel is burnt, i.e. at the chamber walls.
Isolines of heat release (Fig. 17 ) reveal a slightly lifted flame which is not anchored at the pilot injector. In the area between the pilot injector and the flame tip a PVC is found in both non-reacting and reacting cases. It is less intense in the latter case due to combustion induced density stratification which can suppress the PVC formation [71] . The PVC is located here in the first axial swirler stage and exhibits a counter clock-wise (CCW) precession motion and a clockwise winding spiral (Fig. 7) . It rotates in the direction of the first swirl stage (Fig. 3 left) . It is also impacting the pilot fuel injection (Fig. 18 ) leading to mixture fraction oscillations.
To understand the interaction between PVC and transverse mode, the LES was repeated with and without damping control. The inlet mass flow rate was changed over a large range while keeping the equivalence ratio of φ=0.74 constant (Table 2) . With control, the acoustic field is almost totally inhibited and the PVC frequencies can be determined easily in the absence of acoustic forcing by monitoring velocity fluctuations at probe P P V C . Figure 19 displays the evolution of the PVC frequency observed during simulation with control. As expected, the frequency is changing linearly with the mass inflow rate [29, 72] . The corresponding Strouhal number based on the first axial swirler diameter D S and the bulk velocity at the plenum inlet U bulk is:
The Strouhal number is almost constant (of the order of 3) over a wide range of inflow velocities showing that, in the absence of acoustic forcing, a classical CCW turning PVC develops in the chamber [29] . The case named 'Base' is the reference case described in this section and has a normalized mass flow of 1. Case names labeled with 'L' stand for lower flow rates whereas 'H' indicates higher flow rates. The normalization flow rate is 100 g/s The frequency f m of the acoustic 1T-1L mode obtained in Section 3 is also reported on Fig. 19 . It depends very weakly on the flow rate for this subsonic flow. When the normalized flow is close to 1, f m matches the natural PVC frequency suggesting that a simple lock-in between acoustic mode frequency f m and PVC frequency f P V C could be the source of the unstable mode even when the frequencies do not match exactly. Hydrodynamic instabilities may exhibit large unstable zones where amplification takes place so it may be sufficient to be in the zone of instability despite a frequency mismatch [73, 74] . This idea is checked in Fig. 20 which displays the kinetic energy of the orthoradial velocity signal recorded at the point P P V C (Fig. 7) when DCWs are used together with the pressure oscillation amplitude p ′ RMS when rigid walls are used. The kinetic energy of the PVC increases with the flow rate (as observed by Steinberg et al. [24] ) but p ′ RMS peaks for a normalized flow rates in the region of 1, confirming that maximum pressure oscillations are obtained when the PVC frequency f P V C matches the acoustic frequency f m of the 1T-1L mode even though the energy of the PVC mode keeps increasing with flow rate. The clockwise turning pressure mode also induces a rotation of the unsteady combustion. Figure 21 displays the normalized heat release signal in each chamber quarter: signals are shifted by a quarter period from each other confirming that the flame turns at the PVC frequency which is also the 1T-1L acoustic frequency.
The T-FTF Model for Transverse Modes in Swirled Combustors
The previous LES results show that the PVC is an important element of the transverse mode in the present configuration and suggest a model to incorporate this mechanism in a 3D Helmholtz solver. When the local heat release fluctuates (q ′ =qe −iωt ), the wave equation becomes [33] :
On the right hand side, a model for the heat release fluctuationsq(x) is used: Equation 6 has been used extensively for longitudinal acoustic modes whereû(x ref ) measures the unsteady flow rate entering the combustor. Here, we propose an extension for transverse modes where the local heat release perturbations are driven by orthoradial velocity fluctuations and not axial velocities as assumed for longitudinal modes. Use both tangential and radial velocity components for transverse mode prediction was already suggested by Reardon et al. [75] for rocket engines where no swirl was encountered. This approach is suggested by the LES results (Fig. 22) where the axial velocity perturbation shows poor correlation with the heat release fluctuations for this case and a clear one (Fig. 1) with the orthoradial velocity v θ . An appropriate flame representation can be introduced by modifying Eq. 6, so that:q
where the time delay τ θ (x) is imposed as a rotating field:
where θ is the rotation angle (Fig. 23 left) . Equation 8 essentially recognizes that the unsteady heat release field rotates at a speed controlled by the hydrodynamic instability as shown in Fig. 21 . The time delay between the orthoradial velocity and the unsteady heat release at the same point is denoted as τ 0 . It is determined from Fig. 22 to τ 0 = 1e − 4 s. Note that any reference point can be used in the T-FTF model: using an other point would only lead to a different time τ 0 but would not change the results of the acoustic solver. The frequency of the PVC obtained with the DCWs is used in the model: ω P V C = 2π · f P V C = 2π · St P V C · U bulk /D s and depends on the bulk velocity U bulk . The resulting fields (interaction index and time delay) are plotted in Fig. 23 by visualizing these quantities in plane A (Fig. 1) . A radially increasing local amplitude is applied while approaching the combustor When Eqs. 7 and 8 are used in the Helmholtz solver, the frequency and the growth rate of the 1T-1L mode can be plotted as a function of the combustor flow rate. Results (Fig. 24) show that the 1T-1L mode growth rate is positive when the normalized flow rate is above 0.5. These results are coherent with LES observations (Figs. 19 and 20) where pressure fluctuations reach 5 % of the mean chamber pressure for case L50 ( Table 2 ). The results suggest that the T-FTF formulation of Eq. 8 can be used in a 3D Helmholtz solver to predict transverse modes. Unlike acoustic simulations where no active flame (Section 3) is used, the mode captured with the T-FTF model is non-degenerate: only one mode appears in the acoustic solver. It is a turning mode and its structure matches the 1T-1L-T2 mode seen in the LES.
Conclusion
This paper studies high-frequency (3075 Hz) transverse modes appearing in the LES of a swirled kerosene/air combustor operating at atmospheric pressure. These intense nonlinear oscillations (180 dB) appear in a limited range of flow rates. A damping control technique was implemented in LES by using compliant lateral chamber walls in order to mitigate the acoustic activity while letting the hydrodynamic mode develop. This allowed to measure the frequency of the PVC (Precessing Vortex Core) mode in the absence of acoustic coupling and to show that the strongest resonances (without control) were obtained when the frequency of the PVC (which changes with flow rate) matched the frequency of the 1T-1L transverse mode of the chamber. A Flame Transfer Model called T-FTF was developed from the LES observations to capture the transverse mode in a Helmholtz solver. The T-FTF model links local heat release fluctuations to orthoradial velocity perturbations. The results suggest that an extended model like the one used here could predict the dynamics of a swirling spray flame and reproduce the stability map obtained by LES when used in the acoustic solver.
